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Abstract. We present a first-principles calculation of the atomic structure (pair correlation 
function, static structure factor), the electronic structure (total and partial densities of 
states). and of the photoemission intensities of liquid Li and Na. We find that in liquid Li the 
electronic density of states shows a strong structure-induced ‘Brillouin-kink’ which leads to 
a pronounced narrowing of the width of the occupied band compared to the prediction of 
the free electron model. The DOS of liquid Na on the other hand is close to the free electon 
parabola. The origin of the difference is in the strong p component in the electron-ion 
potential in Li, but not in Na. The observed deviation of the photoemission spectrum of Na 
from a free electron form is explained in terms of the partial photoionisation cross-sections. 
Adetailedcomparison withexperiment shows that the accuracyofthe theoretical predictions 
is limited only by the local density approximation for the many-electron interactions. 

1. Introduction 

The electronic structure of the alkali metals is generally considered to be very close to 
the predictions of the free electron model. For sodium this is confirmed by the calculated 
spectra [l] and by photoemission studies [2] on polycrystalline samples, whereas a 
somewhat reduced bandwidth is suggested by photoemission investigations on single 
crystalline Na [3 ,4 ] ,  For lithium, self-consistent band structure calculations predict 
rather substantial deviations from the free electron model, i.e. a reduced bandwidth and 
an increased density of states at the Fermi level [ 11. 

For the liquid alkali metals the first reliable photoemission data have been published 
only very recently [ 5 ] .  In complete analogy to the crystalline case it is found that the 
bandwidth of liquid Na is close to the free electron prediction, whereas a substantial 
reduction of the bandwidth is predicted for liquid Li. In addition the shape of the valence 
band is rather triangular (especially for Na), and hence not in immediate agreement 
with the free electron model. Numerical calculations of the electronic DOS have been 
performed using perturbation theory and using different Green function techniques 
[6,7]. It is now generally accepted that perturbation theory is not sufficiently accurate 
for a determination of the electronic DOS: the imaginary part of the electronic self-energy 
which is of basic importance for the description of the broadening of the electronic states 
is neglected and hence perturbation theory leads to vastly exaggerated predictions of 
the deviations from the free electron model [8]. On the other hand, Green function 
calculations predict only minor deviations of the DOS from the free electron parabola, 
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for the alkali [9, 101 as well as for the polyvalent liquid metals [ l l ] .  Recent photoemission 
studies [12, 131 of the polyvalent liquid metals have demonstrated that strong deviations 
from a free electron DOS exist in many metals. Hence it is clear that the predictions of 
the various Green function approaches to the electronic DOS of the liquid metals must 
be considered with some scepticism. 

Very recently we have presented a novel supercell approach to the electronic struc- 
ture of liquid and amorphous materials [ 14-17]. A realistic model for the atomic arrange- 
ment in the melt or in the glass is generated via molecular dynamics simulation (a typical 
model contains between 50 and 70 atoms in a periodically repeated ‘supercell’). Keeping 
the atomic coordinates fixed, any standard band structure technique can be used to 
calculate the electronic density of states. We have shown that both minimum basis-set 
methods such as the linear-muffin-tin-orbital method (LMTO) [14,18,19] and plane- 
wave basis methods such as dynamical simulated annealing (DSA) [17,20] can be used 
quite efficiently for such large supercells. For the polyvalent liquid elements we have 
been able to predict densities of states and photoemission intensities in excellent agree- 
ment with experiment [15-171. Furthermore, these results allow us to explore the 
correlations in the characteristic trends in the atomic and the electronic structure of 
liquid metals [ 161. 

In this paper we apply these methods to an ab initio calculation of the atomic and 
electronic structure of liquid Li and Na: the atomic structure is calculated using molecular 
dynamics based on interatomic forces derived from optimised first-principles pseudo- 
potentials. The electronic densities of states and the photoemission intensities are 
determined via the LMTO supercell method. Very good agreement with the neutron 
diffraction data for the static structure factor and with the measured photoelectron 
spectra is achieved. We find that the observed differences in the electronic DOS of liquid 
Li and Na arise from a ‘Brillouin-kink’ occurring roughly at the energy (in atomic units) 
(Qp/2)2 corresponding to a momentum transfer at which the static structure factor has 
its main maximum. This ‘Brillouin-kink’ is very weak in liquid Na, but quite pronounced 
in liquid Li. The triangular shape of the spectrum observed for liquid Na is shown to 
arise from a large photoionisation cross-section for p states. 

2, Atomic structure 

In the following we describe the calculation of the atomic structure of liquid Li and Na 
using pseudopotential-derived interatomic forces and molecular dynamics. 

2.1. Interatomic forces 

The calculation of the effective interatomic potential using second-order pseudo- 
potential perturbation theory is a standard procedure [21,22], one only has to specify 
the choice of a pseudopotential and of the local field corrections to the dielectric 
function in the random phase approximation. For the local field corrections we used the 
Vashishta-Singwi [23] form which satisfies the compressibility sum rule for the electron 
gas. The pseudopotentials of Li and Na are expected to be quite different: as Li has only 
s electrons in the core, the p component of the conduction band states feels the full 
electron-ion potential, whereas for Na both the s and p components are expected to be 
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Figure 1. Effective interatomic pairpotential 
Q ( R )  for liquid Na and Li. Full curve: calculated 
using a local empty-core pseudopotential; broken 
curve: calculated using a non-localoptimised first- 
principles pseudopotential (see text). Atomicvol- 
ume Q = 41.32 A3 for Na and B = 22.52A’ for 
Li . 
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weak. Hence the pseudopotential of Li should be stronger and considerably more non- 
local than the pseudopotential of Na. This difference in the potential is usually thought 
to account for the observed differences in the physical properties. 

To study this point in detail we used two different sets of pseudopotentials: (i) anon- 
local optimised first-principles pseudopotential based on an orthogonalised plane-wave 
expansion of the conduction band states and a local density approximation for exchange 
and correlation (for details in the construction of the potential and for applications for 
lattice dynamical properties of the solid, liquid structure, etc, we refer to our earlier 
work [22,24]); and (ii) a local empty-core pseudopotential [25] with the core radius R, 
fitted to the zero-pressure condition at T = 0 K (Li: R, = 0.69 A, Na: R, = 0.94 A). 

The interatomic potentials derived from both types of pseudopotentials are shown 
in figure 1. The potentials are almost identical in the repulsive part, the differences are 
in a somewhat deeper main minimum and a stronger damping of the Friedel oscillations 
in the pair interactions derived from the non-local pseudopotential. 

2.2. Molecular dynamics simulation 

The atomic structure of the liquid has been calculated by using a micro-canonical 
molecular dynamics simulation. The MD routine is based on a fifth-order predictor- 
corrector algorithm of the Newtonian equations of motion and an efficient network cube 
algorithm for nearest-neighbour book keeping. Details are given elsewhere [26,27], 

For each element we have performed two sets of MD simulations: one on a large 
ensemble of 1000 atoms/cell for the determination of accurate pair correlation functions 
and static structure factors, and a second for a small ensemble of 64 atoms/cell to 
generate the atomic coordinates for the electronic structure calculation using the super- 
cell method. For the large ensembles the pair potential was cut at a distance of R,,, = 
9.0 A for Na and R,,, = 8.9 A for Li, close to a node in the potential. For the small 
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Figure 2. Pair correlation function g(R)  for liquid Li at T = 463 K. Full curve: calculated 
using the optimised first-principles pseudopotential; broken curve: calculated using the local 
empty-core pseudopotential; dotted curve: x-ray diffraction data (after Waseda [28]). 

ensemble the potential was cut at the largest distance compatible with the minimum 
image convention (i.e. 50 per cent of the edge of the MD cell, R,,, = 6.9 A for Na and 
R,,, = 5.6 A for Li). The time step was set to At = 1 X 

s for Na. Typical sampling runs extended over 5000 to 7000 time steps, up to 500 
independent configurations being used for the calculation of a pair correlation function. 

s for Li and At = 2 x 

2.3. Puir correlation function and static structure factor 

The pair correlation function g(R)  of liquid Li is shown in figure 2. As expected from 
the interatomic potential, the g(R) calculated using the non-local pseudopotential differs 
from that calculated using the empty-core model by a somewhat larger amplitude of the 
oscillations and by a small phase shift. A similar difference is found in the static structure 
factor S ( q ) .  A comparison with the experimental data at T = 463 K seems to indicate 
a slightly better agreement with the local pseudopotential calculation (figure 3 ( a ) ) .  
However, the very accurate neutron scattering data of Olbrich et a1 [29] at T = 593 K 
are in nearly perfect agreement with the calculation using the non-local pseudopotential 
(figure 3(b) ) .  For liquid Na the results obtained using the non-local and local pseudo- 
potentials show hardly any difference, both results agree very well with the experimental 
data (figure 4). 

In summary we conclude that the small differences in the structure functions derived 
from different pair potentials confirm the view that the liquid structure of the alkali 
metals is determined mainly by the repulsive part of the pair interaction [22] and that the 
theoretical results agree with experiment almost within the experimental uncertainty. 
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3. Electronic structure 

In the present work we have used the linearised-muffin-tin-orbital version of the super- 
cell approach [14-161. Our earlier work has shown that the dynamically simulated 
annealing approach based on local pseudopotentials is computationally more efficient 
and offers in addition the advantage that the atomic and electronic structures are 
consistent on a linear response level [ 171. However, at the present stage the approach is 
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Figure 4. Static structure factor for liquid Na at T = 373 K.  For key, see figure 3(a) .  The 
experimental results are those of Waseda [28]. 

limited to local and semi-local pseudopotentials but this might be problematic for Li. 
The advantage of the LMTO approach is that it yields the angular momentum decomposed 
densities of states, and that this information can be used to calculate the partial photo- 
emission cross-sections as a function of the electron and photon energies. 

3.1. LMTo-supercell calculations 

The LMTo-supercell technique is well documented in our earlier work, so we can restrict 
ourselves to a few technical remarks: 

(i) We used the scalar-relativistic version of the LMTO method in the atomic sphere 
approximation (ASA) [18,19]. Exchange and correlation effects are described within the 
local density functional parametrisation of von Barth et a1 [30]. 

(ii) The electronic DOS is calculated by a Gaussian broadening of the discrete energy 
levels of the atoms in the supercell. As our results on the polyvalent liquid metals 
have shown, the DOS cannot be derived with sufficient accuracy from the eigenvalues 
calculated from a single k point. We used a mesh of four points in the irreducible part of 
the Brillouin zone of the supercell, the width of the Gaussian is set to o = 0.15 eV. 

(iii) In principle the calculation of the DOS of a liquid should be based on an average 
over independent configurations. However, it turns out that for 64-atom configurations 
with a pair correlation function close to the ensemble average of a 1000-atom model 
(figure 5 ) ,  there are only minimal fluctuations in the electronic DOS. Hence it is in general 
sufficient to calculate the DOS for a very small number of atomic configurations. 

We have also calculated the electronic DOS for the body centred cubic structures of 
Li and Na (atomic volume RL, = 21.47 A3, R,, = 37.72 A3). In this case the Brillouin 
zone integrations for the DOS have been performed using the linear tetrahedron method 
[31,32]. 
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Figure 5. Pair correlation function g ( R )  for liquid Na at T = 373 K calculated for a 1000- 
atom ensemble (full curve: configuration average over 480 independent configurations) and 
for a single 64-atom supercell (histogram). The dotted curve shows the diffraction data of 
Waseda [28] .  

3.2. Electronic density of states 

The electronic DOS of liquid and solid Li is shown in figure 6. For both crystalline BCC 
and liquid Li the calculations predict strong deviations from a free electron parabola. In 
the crystalline case it is well known that the DOS minimum at an energy of -2.6 eV above 
the Fermi energy and the maximum close to EF originate from a large gap at the Npoint 
whose width is directly proportional to the Q( 110) matrix element of the pseudopotential 
(for BCC Li we have IQ(110)l = 2 . 5 4 k 1 ,  hence the energy ( lQ(l10)1/2)2 = 6.13 eV is 
just = 2.6 eV larger than the Fermi energy in BCC Li’. The strong increase of the DOS at 
the Fermi level by nearly a factor of 1.5 compared to the free electron value leads to the 
reduction of the bandwidth from W,, = 4.72 eV to W = 3.45 eV. 

The origin of the deviation from the free electron model in liquid Li is essentially the 
same: the sharp first peak in the structure factor at 1 Qpl = 2.5 A-’ acts as a smeared-out 
reciprocal lattice vector and induces a DOS minimum (a ‘pseudogap’) at an energy of 
1QP/2l2 = 5.95 eV above the bottom of the band. States with 141 s Q,/2 may be con- 
sidered to be in the first ‘pseudo-Brillouin zone’, and the pseudogap is the equivalent of 
the Brillouin-kink in the DOS of crystalline materials. Due to the finite width of the peak 
in S ( q ) ,  the structures in the DOS are also broadened, but the increase of the DOS at EF 
and the bandwidth of W = 3.5 eV are essentially the same as for crystalline Li. In our 
estimate of the bandwidth for the liquid metal we ignore the small tail which is an artefact 
due to the Gaussian broadening. From their photoemission data Indlekofer et a1 [ 5 ]  
deduce a bandwidth of W = 3.2 k 0.2 eV. 

The partial DOS of the occupied part of the band can be described as essentially semi- 
elliptic for s states and more or less triangular for p and d states. In the empty part of the 
conduction band we find that the structure induced features are strongest in the p 
component of the DOS, as expected for the non-local potential of the Li core. 
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Figure 6. Electronic density of states in liquid Li 
at T = 463 K (a )  and in BCC Li (6 ) .  Full curve: 
total DOS; dotted curve: partial DOS of s states; 
broken curve: p states; chain curve: d states. The 
free electron parabola has been drawn for com- 
parison. 
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Figure 7. Electronic density of states in liquid Na 
at T = 373 K (a ) ,  and in BCC Na (b) .  For key, see 
figure 6.  

In the electronic DOS of BCC and liquid Na we find essentially the same structure 
induced features, but they are now much weaker than in Li-as expected. For both the 
solid and liquid phases the calculated bandwidth is almost identical to the free electron 
prediction (WFE = 3.24 eV for BCC Na, WFE = 3.04 eV for 1-Na). Again this is just on 
the upper edge of the estimate of W = 2.8 k 0.2 eV deduced from the photoemission 
data on 1-Na and somewhat larger than the value of W = 2.65 * 0.05 eV deduced from 
the angular resolved photoemission data on single crystalline BCC Na. 

3.3. Photoemission intensities 

A quantitative analysis of the shape of the photoelectron spectra requires a calculation 
of the photoemission intensities. If all effects associated with the transport of the 
photoelectron to the surface and its escape from the surface are neglected, then the 
energy distribution of the photoemitted electrons is given according to the golden rule 
by P31 

Z(E, hw)  - 1 dkl(flA .pli)126(Ef(kf) - Ei(ki) - hw)G(E - Ef(kf)) (1) 
i,f 

where i and f denote initial and final states respectively. The following approximations 
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allow the calculation of Z(E, h a )  in terms of the self-consistent one-electron potential 
and the partial densities of state n,(E) [34-361: 

(i) dipole approximation to the photon field characterised by the vector potential A ;  
(ii) complete neglect of wavenumber conservation; 
(iii) single scatterer-final state approximation; 
(iv) independent averages over all kf directions and photon directions and polar- 

isations. 

The resulting expression for the angle integrated photoelectron intensity is given by 

where the a,(E, ho) are the partial photoionisation cross-sections [36]: 

(3) 
Here the R I  are the regular solutions of the radial Schrodinger equation and V(f> is 

the muffin-tin potential. The integration is over the atomic sphere only. 
The crucial point is approximation (ii). For the crystal it has been shown that phonon 

broadening relaxes the condition of wavevector conservations for higher excitation 
energies, ho 2 200 eV. Hence in this case the result (2,3) can be used for the calculation 
of x-ray photoemission spectra (XPS) only. In the liquid where there is no translational 
invariance, the wavevector is not a conserved quantity, hence the result can be used also 
for the lower excitation energies of ultraviolet photoemission spectroscopy (UPS). 

The calculated photoemission intensities and photoionisation cross-sections for 
liquid Li and Na are given in figures 8 and 9 for a series of photonenergies in the UPS and 
XPS range. The calculated DOS has been multiplied by a Fermi function, for the XPS 
spectrum the calculated intensity has been additionally Gaussian broadened (0 = 
0.5 eV). For liquid Li we find avery good agreement with the experiment: at all excitation 
energies the spectrum is dominated by the s states and this leads to a rounded form of 
the spectrum. At lower photon energies (no = 11.8 eV, 16.8 eV) the p contribution is 
somewhat increased and this results in a slightly more triangular form of the spectrum. 
The broad feature near E,  = 4.2 eV in the ArI (hw = 11.8 eV) spectrum arises from a 
surface plasmon [ 5 ] .  

In liquid Na the p electron photoionisation cross-section is now of the same magnitude 
as the s electron cross-section. This, together with the increase of both cross-sections for 
lower binding energy explains very nicely the triangular form of the photoemission 
spectrum. 

4. Conclusions 

We have presented an ab initio calculation of the atomic and electronic structure, and 
of the photoemission spectrum of liquid Li and Na. 

For liquid Li we find a strong structure induced minimum in the electronic DOS at an 
energy of approximately 1QP/2/* above the bottom of the band (where Qp is the wave- 
vector corresponding to the main peak in the static structure factor) and a strongly 
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Figure 8. Calculated and measured 
photoemission intensities Z(E, hw) and the cal- 
culated partial photoionisation cross-section 
u,(E, h o )  for liquid Li at different energies of the 
exciting photon. Full curve: total calculated and 
experimental photoemission intensity (after [ 5 ] ) ;  
dotted curve: s-; broken curve: p-; and chain 
curve: d-electron contributions. For the sake of 
clarity the zero of the experimental intensity has 
been shifted. 
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Figure 9. Calculated and measured 
photoemission intensities Z(E, ho) and the cal- 
culated partial photoionisation cross-section 
u,(E, fiw) for liquid Na at different energies of the 
exciting photon; compare with figure 8. The full 
curve in the experimental xps spectrum represents 
a guide to the eye. 

enhanced DOS at lower energies, resulting in a bandwidth which is strongly reduced 
compared to the free electron value. 

For liquid Na only very weak structure induced features are found in the DOS, which 
is essentially like a free electron. 

The different behaviour of Li and Na is clearly due to the strong p component of the 
electron-ion potential of Li. 

The theoretical predictions of both the atomic and electronic structures are found to 
be in very good agreement with experiment. For the atomic structure, theory and 
experiment agree essentialy to within the accuracy of the experimental data. For the 
electronic structure, the most important limitation to the accuracy of the theoretical 
prediction arises from the local density approximation. For crystalline Na it has been 
shown that a wavevector dependent self-energy correction accounts for the difference 
between the measured quasiparticle band structure and the prediction of local density 
functional theory. In the liquid any k dependent features are smeared out and this would 
seem to account for the fact that the gap between the photoemission data and the self- 
consistent electronic structure calculations is smaller for the liquid than for the crystalline 
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metal. The triangular shape of the measured photoemission spectrum of liquid Na has 
been interpreted as representing a deviation from a free electron behaviour. Our results 
show that this is not correct. The DOS is of a perfect free electron form, the observed 
shape of the spectrum results from the difference in the s and p photoionisation cross- 
sections, and from their variation with the binding energy. 
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